Abstract. We prove that the equation (x − 2r) 3 + (x − r) 3 + x 3 + (x + r) 3 + (x + 2r) 3 = y p only has solutions which satisfy xy = 0 for 1 ≤ r ≤ 10 6 and p ≥ 5 prime.
Introduction
Finding perfect powers that are sums of terms in an arithmetic progression has received much interest; recent contributions can be found in [1] , [2] , [3] , [4] , [5] [9] , [10] , [14] , [15] , [16] , [17] , [19] [21] , [23] and [24] .
We are interested in solutions (x, y, r) where x, y and r are coprime.
In this paper, we prove the following: The restriction gcd(x, r) = 1 is natural one, for otherwise it is easy to construct artificial solutions by scaling. We use a combination of techniques in the resolution of (1), the main ones being; a result of Mignotte based on linear form in logarithms ( [8, Chapter 12, p. 423] ); the method of Chabauty ([18, 20, 11] ), the theorem due to Bilu, Hanrot and Voutier on primitive divisors ( [6] ), as well as some various elementary techniques.
Background
Here, we record some essential Theorems and Lemmas which are necessary for the computaions in Section 4.
Theorem 2.1. (Mignotte) Assume that the exponential Diophantine inequality
has a solution in strictly positive integers x and y with max{x, y} > 1.
.
2.1.
Criteria for eliminating equations of signature (p, 2p, 2). We first apply a descent to equation (1) in Section 3. We are left with equations of the form:
where p is an odd prime and a, b, c are positive integers satisfying gcd(a, b, c) = 1. The criteria to follow in order to determine whether (2) has solutions was previously presented in [13, 4, 1] . We start with the following lemma that give us a criteria for the nonexistence of solutions. 
and 
and O be its ring of integers. Let S contain the prime ideals of
This is an F p -vector space of finite dimension can be computed by Magma using the command pSelmerGroup. Let
It follows that
where η ∈ K * and ∈ E. We end up with the last criteria. 
Lemma 2.3. Let q be a prime ideal of K. Suppose one of the following holds:
Then there is no σ ∈ Z and η ∈ K satisfying (5).
Thue equations.
Finally for the remaining equations that couldn't be ruled out, they can be considered Thue equations by letting σ = w 2 and τ = w
where the exponent is a prime p. We use Magma's Thue solver [7] and PARI/GP's thueinit, thue commands as the final test to determine whether the equations has solutions.
Prime divisors of Lehmer sequences.
A Lehmer pair is a pair α, β of algebraic integers such that (α + β) 2 and αβ are nonzero coprime rational integers and α/β is not a root of unity. The Lehmer sequence associated to the Lehmer pair (α, β) isũ
A prime p is called a primitive divisor ofũ n if it dividesũ n but does not divide (α 2 − β 2 ) ·ũ 1 · · ·ũ n−1 . We now state the following celebrated theorem due to Bilu, Hanrot and Voutier [6] . Theorem 2.5. Let α, β be a Lehmer pair. Thenũ n (α, β) has a primitive root for all n > 30 and for all prime n > 13.
It will be necessary to use Lehmer pairs to prove for certain values of r that (1) has no solutions.
Descent to eight cases
Equation (1) can be rewritten as: 5x(x 2 + 6r 2 ) = y p . Letting y = 5w, we can rewrite as: (7) x(x 2 + 6r
Note that gcd(x, x 2 + 6r 2 ) ∈ {1, 2, 3, 6} depending on whether 2, 3 divides x or not. Thus, we are now able to divide into eight cases.
Case
Conditions on 
Tables of computations
In this section, we apply the Theorems and Lemmas of Section 2 in order to fully resolve equation (1) using the commands thueinit and thue. Observe that the solutions found contradict the condition w 1 · w 2 = 0. Moreover, observe that all the equations that were solved are of signature (p, 2p, p). 
whose Jacobian has rank 1. We can show, using Magma, that C(Q) = {∞} which implies the curve only has trivial solutions. Using Theorem 2.1 we bound p ≤ 69551 for |r| ≤ 3.8 × 10 5881 . Thus, when we focus on 7 ≤ p ≤ 69551 and 1 ≤ r ≤ 10 6 we have the following = (x + √ −6)(x − √ −6).
It follows that
where p 2 = (2, √ −6), p 3 = (3, √ −6) are the primes above 2, 3 and ζ is an ideal in O K . We write Proof. Let qO L = √ 6O L . By definition q|γ, γ which implies that α and β are algebraic integers. Now we compute (α + β) 2 = 4u 2 /3. Since p 3 | √ −6 we conclude that p 3 |u and so 3|u. So (α + β) 2 is a rational integer, i.e., (α+β) 2 ∈ Z. If (α+β) 2 = 0 then u = 0, however this will imply that 30 p w p 1 = 0 contradicting w 1 · w 2 = 0. Thus (α + β) 2 is a nonzero ration integer. Moreover αβ = γγ/6 is a nonzero rational integer since 3|u and p 2 |γ, γ.
We now check that (α + β) 2 and αβ are coprime. Suppose they are not coprime. Then there exists a prime p of O L which divides both. Then p divides α and β and from the equation above p divides (w 2 )O L and 2 √ −6. We contradicted our assumption of (w 1 , w 2 ) being a nontrivial coprime solution.
Finally, α/β = γ/γ ∈ O K is not a root of unity because the only roots of unity in K are ±1 which implie γ = ±γ implying either u = 0 or v = 0 which is a contradiction.
